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The scaling of the kinematic boundary layer thickness λu and the friction factor Cf at the top-
and bottom-wall of Rayleigh-Be´nard convection is studied by Direct Numerical Simulation (DNS).
By a detailed analysis of the friction factor, a new parameterisation for Cf and λu is proposed. The
simulations were made of an L/H = 4 aspect-ratio domain with periodic lateral boundary conditions
at Ra = {105, 106, 107, 108} and Pr = 1. A continuous spectrum, as well as significant forcing due
to Reynolds stresses clearly indicates a turbulent character of the boundary layer, while viscous
effects cannot be neglected judging from the scaling of classical integral boundary layer parameters
with Reynolds number. Using a conceptual wind model, we find that the friction factor Cf should
scale proportional to the thermal boundary layer thickness as Cf ∝ λΘ, while the kinetic boundary
layer thickness λu scales inversely proportional to the thermal boundary layer thickness and wind
Reynolds number λu ∝ λ
−1
Θ
Re−1. The predicted trends for Cf and λu are in agreement with DNS
results.
PACS numbers: 44.25.+f, 47.27.ek, 47.27.eb, 47.27.te
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I. INTRODUCTION
The structure of the boundary layer is of great impor-
tance for understanding the turbulent heat transfer char-
acteristics of Rayleigh-Be´nard convection. Inherently un-
stable due to buoyancy effects, the thermal boundary
layer with thickness λΘ is in a dynamic equilibrium of
heating (cooling) by thermal diffusion and the detrain-
ment (entrainment) of heat due to impinging and eject-
ing thermals at the bottom (top) plate. This process
creates large temperature gradients across the boundary
layer, thereby enhancing the heat transfer through the
wall and thus the Nusselt number Nu. Next to a thermal
boundary layer, one can identify a kinematic boundary
layer with thickness λu, associated with the velocity field.
Depending on the Prandtl number Pr = νκ−1, which is
the ratio between the kinematic viscosity ν and thermal
diffusivity κ, the kinematic boundary layer can be nested
inside the thermal boundary layer or vice versa, which in-
fluences the effectiveness of the heat transfer as a function
of the Rayleigh number Ra. The Rayleigh number Ra is
defined as Ra = βg∆ΘH3(νκ)−1, where β is the thermal
expansion coefficient, g the gravitational constant, ∆Θ
the temperature difference between the top and bottom
plate and H the domain height. The scaling of λΘ and
λu as a function of Ra and Pr are therefore of importance
for proper prediction of the heat transfer.
In the theory of Grossmann and Lohse [1], the wind
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velocity U and the boundary layer thicknesses λu and λΘ
are central parameters, which are used to estimate the
dissipation rates of kinematic energy and temperature
variance in the bulk and the boundary layers. In the
theory, λΘ and λu are defined as
λΘ ∝ H/(2Nu), (1)
λu ∝ HRe−1/2. (2)
While (1) holds excellently, the correspondence of (2)
with experiments [2, 3] and simulations [4, 5] is less
satisfactory. Relation (2) can be obtained by non-
dimensionalising the steady laminar two-dimensional
Prandtl boundary layer equations [6, 7], by which (2)
follows immediately. However, the measured Re depen-
dence of λu is much weaker than predicted by (2) (see
also Fig. 1). It has been suggested that the difference
is due to geometry effects [8] (plate-filling vs. laterally
restricted flow).
In this paper, we argue that the disparity in the ex-
pected and the observed scaling is because the top- and
bottom boundary layers are not laminar, i.e. forcing due
to Reynolds stresses cannot be neglected in the kinematic
boundary layer. Consequently, the arguments leading
to (2) do not hold. With a detailed DNS study of the
momentum- and heat-budgets and the friction factor,
and using the wind model of the accompanying paper
[9], we derive new parameterisations for λu and Cf .
A related question is whether or not the boundary lay-
ers can be regarded as turbulent. The Reynolds number
Re is too low to sustain a ”classical” turbulent bound-
ary layer (Re ≈ 1500 at Ra = 108), i.e. a boundary
layer where the turbulence production due to shear is
2in local equilibrium with dissipation. Hence, the general
view is that the boundary layers are laminar, but time-
dependent. Although time-dependence due to plume im-
pingement and detachment prevents laminarity in the
strict sense, the assumption could be justified if the
plumes are passive with respect to the scaling of integral
boundary layer parameters such as the friction factor Cf
and the kinematic boundary layer thickness λu. Several
other studies show that the friction factor scales simi-
lar to a Blasius boundary layer [10, 11, 12]. However,
the scaling of λu does not comply with classical laminar
scaling (2), as discussed before. Furthermore, a recent
study of time-spectra in the bottom kinematic bound-
ary layer revealed that the spectra in the boundary layer
and in the bulk were practically indistinguishable [13], a
strong indication of turbulence. In order to understand
this dual behavior, we study several turbulence indica-
tors for the boundary layers, such as the spectra, shape-
and friction factor.
The paper is outlined as follows. A brief summary of
the code for direct simulation and symmetry-accounted
ensemble-averaging is given in section II. The scaling
of the boundary layer thickness, the velocity profile, the
friction factor and the shape factor are studied in sec-
tions III A, III B and III C respectively. Then, we study
the space and time spectra (section IIID). In section
III E, the mean momentum and temperature budgets in
the boundary layers are studied to clarify the importance
of fluctuations in the boundary layers. Using the results
from the momentum budgets, the friction factor Cf is de-
composed in a pressure and momentum-flux contribution
in section III F. This leads to the insight that the main
contribution is by the pressure gradient. Using the con-
ceptual wind model derived in the accompanying paper
[9], scaling laws for Cf and λu are derived in section IV.
As the results show that the flow has many typical fea-
tures of turbulence but also of laminarity, the interpreta-
tion of the results is discussed in section V. Conclusions
are drawn in section VI.
II. SIMULATIONS
Direct simulation of Rayleigh-Be´nard convection has
been performed at Ra = {105, 106, 107, 108} and Pr = 1
in a Γ = 4 aspect-ratio domain. The code is based on
a second-order variance-preserving finite-difference dis-
cretisation of the three-dimensional Navier-Stokes equa-
tions and is fully parallellised. For all simulations, a grid
was used sufficient resolution to resolve the smallest tur-
bulent scales, i.e. the Kolmogorov scale ηK = (ν
3/ε)1/4
and Corrsin scale ηK = Pr
−1/2ηK . The top and bot-
tom wall are rigid (no-slip) and of fixed temperature. At
the side domain boundaries, periodic boundary condi-
tions are applied. For each Ra except the highest, 400
independent realisations were obtained by performing 10
independent simulations and sampling the velocity and
temperature field roughly twice every convective turnover
time. Because of a formidable computational require-
ments for Ra = 108, we use this simulation only for the
results of Fig. 1 and confine the wind-decomposed anal-
ysis to the lower Ra cases, though without loss of gener-
ality.
Similar to domains confined by sidewalls, a wind
structure develops also in domains with lateral periodic
boundary conditions. However, here the wind structure
can be located anywhere in the domain since it is not kept
in place by sidewalls. To extract the wind, symmetry-
accounted ensemble-averaging is used [14], which aligns
the wind structure in different realizations before averag-
ing. In this way a wind structure can be identified unam-
biguously for these domains, by which a decomposition
in wind and fluctuations becomes possible. The result-
ing average velocity and temperature (three-dimensional
fields) are denoted respectively by u˜i and Θ˜. The tildes
are used to distinguish the conditional average from the
standard (long-time, ensemble or plane) averageX which
is a function of z only. The symmetry-accounted average
can be interpreted exactly as classical Reynolds-averaged
results. For further details we refer to the accompanying
paper [9].
III. RESULTS
A. Boundary layer thickness
The thickness of the hydrodynamic and thermal
boundary layers as a function of Ra is shown in Fig.
1. Here, λu and λΘ are defined as the location of
the maximum of mean squared horizontal velocity fluc-
tuations u′u′ and mean squared temperature fluctua-
tions Θ′Θ′, respectively. The approximate powerlaws are
λu = 0.5 Ra
−0.13 and λΘ = 2.33 Ra
−0.27 respectively, in
good agreement with other simulations [4] and reason-
able agreement with experiments [2] (despite differences
in aspect-ratio, geometry and boundary conditions).
Also shown in Fig. 1 are the predictions of the bound-
ary layer thickness (1), (2) from the Grossmann-Lohse
theory [1], together with the DNS results. The thermal
boundary layer thickness λΘ is in good agreement with
the simulations. The width of the kinematic boundary
layer λu does not agree so well with the G-L theory, as
the actual exponent is −0.13 instead of −0.25 (where we
have assumed free-fall scaling Re ∝ Ra1/2 for simplicity).
Below we briefly recapitulate the arguments of [7]
leading to (2). The starting point is the laminar two-
dimensional Prandtl boundary layer equation [6, 15]
u∂xu+ w∂zu = ν∂
2
zu. (3)
Upon substituting x → Hx, z → HRe−1/2z, u → Uu
and w → URe−1/2w, the equations become parameter
independent as
u∂xu+ w∂zu = ∂
2
zu. (4)
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FIG. 1: The thermal and kinematic boundary layer thickness
λΘ and λu as a function of Ra. The dashed and dash-dotted
lines in the graphs are predictions by the G-L theory of λu
and λΘ, respectively.
Neither this expression, nor the incompressibility condi-
tions, nor the boundary conditions have an explicit de-
pendence on Re, so the solution has to be independent of
Re as well. Therefore, the flow pattern undergoes a sim-
ilarity transformation, and the boundary layer thickness
scales as λu/H ∝ Re−1/2. This result is rigorous, pro-
vided that (3) holds, i.e. that turbulent stresses do not
play a role in the momentum budget. In section III E
we show that forcing due to Reynolds-stresses cannot be
neglected for the boundary layer equations so that the
laminarity assumption does not hold.
B. Velocity profiles
The characteristic shape of the velocity profile can be
obtained from the plane-averaged horizontal average ve-
locity as u(z) ≈
√
〈u˜u˜〉A. Figure 2a shows these profiles
for various Ra in plus units, i.e. scaled by the friction
velocity uτ ≡
√
τw/ρ with u
+ = u/uτ and z
+ = zuτ/ν.
Here, we define a typical wall shear-stress τw as
τw = ρν∂z
√
〈u˜u˜〉A|w. (5)
In Fig. 2a, the viscous sublayer relation u+ = z+ is shown
with a dashed line, and logarithmic scaling of the velocity
profile results in a straight line. For a classical turbulent
channel flow and constant-pressure boundary layer, the
viscous region ends at y+ = 5, the log-layer starts from
y+ ≈ 30 and the profiles will collapse onto a single uni-
versal curve for all Re. Here the situation is completely
different. First, in plus-coordinates the profiles do not
collapse onto a single curve. Furthermore, the viscous
region ends at approximately z+ = 1, and the velocity
reaches its maximum at z+ ≈ 10 at Ra = 107. A re-
gion where the velocity scales logarithmically is hard to
distinguish, indicating the absence of an inner (constant
stress) layer.
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FIG. 2: The horizontal boundary layer velocity profile based
on
p
〈eu eu〉A for various Ra. a) semi-log plot and non-
dimensionalized with friction velocity uτ . Dashed line rep-
resents u+ = z+; b) normalized by the maximum velocity
umax and the kinematic boundary layer thickness λu.
Shown in Fig. 2b is the velocity profile normalized
by the outer variables, i.e. the boundary layer thickness
λu and the maximum velocity umax ≡ u(λu). Although
the profiles show that there is a Ra dependence, it is
very weak. The weak influence of the Ra number - es-
pecially for the two lower Ra numbers considered - is
further evidence that the kinematic boundary layer does
not behave as a classical forced turbulent boundary layer.
Note that the approximate universality of the velocity
profiles means that inner and outer variables can be in-
terchanged, in the sense that ∂zu|w ∝ umax/λu.
Several experiments have shown universality in Ra
upon an outer scaling by boundary layer thickness and
maximum velocity [2, 16, 17], so it is quite interesting
that the boundary layer profile found here (Fig. 2b) has a
(small) Ra dependence. There may be several reasons for
this difference. The experiments have been carried out
at much higher Ra, in the range Ra = 2× 108 − 9 × 109
and at higher Pr (the working fluid was water). Further-
more, the presence of side walls and the smaller aspect
4TABLE I: Characteristic numbers for the boundary layer
profile at various Ra: the shear-Reynolds number Reτ , the
shape factor S and the friction coefficient Cf .
Ra Reτ Cf S
1.15 × 105 26 1.02 2.37
1.00 × 106 52 0.51 2.35
1.00 × 107 119 0.23 2.27
ratio will be of influence.
It is useful to express the shear-Reynolds number in
terms of Re, λu and the non-dimensional velocity gradi-
ent at the wall. Let the outer scaled variables be denoted
by zˆ ≡ z/λu and uˆ ≡ u/umax. The non-dimensional ve-
locity gradient at the wall is connected to the wall-shear
stress by τw = ρνumaxλ
−1
u ∂zˆuˆ|w, where ∂zˆuˆ|w is the
non-dimensional velocity gradient at the wall. Hence,
the shear Reynolds number can be expressed as
Reτ = Re
1/2
(
λu
H
)
−1/2
(∂zˆ uˆ|w)1/2 . (6)
All three terms Re, λu and ∂zˆ uˆ|w depend on Ra, al-
though the Ra dependence of the last term is very weak
as ∂zˆuˆ|w ∝ Ra0.06.
C. Friction and shape factor
The friction and shape factor [e.g. 6, 15] have been
calculated for all three Ra (Table I). The friction factor
is defined as
Cf =
τw
1
2
u2max
= 2
Re2τ
Re2
. (7)
Here we note that combining (6), (7) and neglecting the
small Ra dependence of the wall-gradient ∂zˆ uˆ|w gives
that Cf can be approximated by
Cf ≈ 2
Re
(
λu
H
)
−1
. (8)
This is consistent with the approximation τw ≈ νU/λu,
which is an important assumption in the Grossmann-
Lohse theory [1]. The observation (8) will prove to be
important to establish the scaling of λu/H in section IV.
Based on the values of Table I and in terms of Re,
the friction factor Cf scales as Cf ∝ Re−0.60. An
empirical relation for turbulent plane channel flow is
Cf = 0.073Re
−0.25, with Re based on channel half width
and mean velocity across the channel [18]. The friction
factor of laminar boundary layers have a stronger de-
pendence on Re; for plane Poiseuille flow Cf = 8/Re
(Re based on full channel height) and for the Blasius flat
FIG. 3: y-averaged wind structure at Ra = 106 and Pr = 1.
Colorscheme is by the relative temperature Θr = eΘ − 〈eΘ〉A.
Dark areas are relatively cold, and white areas are relatively
hot.
plate flow Cf = 0.664Re
−1/2
x . Hence, judging from the
scaling of friction factor, the behavior of the boundary
layer would be classified as laminar. These results are
consistent with [10, 11, 12].
The shape-factor S is defined as S = δ1/δ2, where δ1
and δ2 are the displacement and momentum thickness,
given by:
δ1 =
∫ λu
0
(1− u
umax
)dz,
δ2 =
∫ λu
0
u
umax
(1− u
umax
)dz.
For laminar profiles, such as Poiseuille flow and the Bla-
sius solution for the developing flow over a flat plate,
the shape factor is approximately 2.5 [e.g. 6, 15]. For
turbulent plane channel flow, flat-plate constant-pressure
boundary layers and a plane turbulent wall jet [19] the
shape factor is approximately 1.3 − 1.4. Based on this
information, the values from Table I indicate that the
velocity profile follows a laminar-like distribution with a
slight trend towards turbulent values as Ra increases.
If the shape and friction factor are taken to be rep-
resentative to distinguish a laminar from a turbulent
boundary layer, the boundary layer would be classified
as laminar. In the next sections we will study the mo-
mentum budgets of the boundary layers, and compare the
time and space spectra of boundary layer and the bulk.
It will be shown that from this perspective, the kinematic
boundary layer has many features of turbulence.
D. Fluctuations and spectra
In Fig. 4a-c the average velocity profile 〈u˜〉y/umax is
shown for Ra = 1.15×105, 106 and 107, together with the
turbulence intensity of the horizontal and vertical fluctu-
ations, 〈u˜′u′〉1/2y /umax and 〈w˜′w′〉1/2y /umax respectively.
These are the profiles of the y-averaged wind structure
(see Fig. 3), with the x-location chosen such that the
horizontal velocity is at its maximum, i.e. where the flow
is parallel to the wall and from left to right. A strik-
ing feature of the turbulence intensity of the horizontal
fluctuations, is that it is so large compared to the mean
wind, namely 70-80%. For turbulent channel flow, typi-
cal turbulence intensities are 5-10%. Outside the thermal
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FIG. 4: Close-up of horizontal velocity and turbulence inten-
sities (legend in Fig. 4b) at the position with the maximum
horizontal velocity. (a) Ra = 1.15× 105; (b) Ra = 1.00× 106;
(c) Ra = 1.00× 107. The horizontal dashed line indicates the
edge of the thermal boundary layer λΘ.
boundary layer the horizontal turbulence intensity is con-
stant. The vertical turbulence intensity is not as large as
the horizontal due to wall blocking, but is still 20% at the
edge of the thermal boundary layer, and 50% at the edge
of the kinematic boundary layer. This confirms that fluc-
tuations in large aspect-ratio domains are larger relative
to the wind [20], in comparison with small aspect-ratio
domains (e.g. [2] reports turbulence intensities of 20%).
One of the main features of turbulence is the presence
of a continuous range of active scales. A simulation at
Ra = 107 is used to obtain both spatial and temporal
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FIG. 5: Spectra of the horizontal velocity components in the
boundary layer and in the bulk at Ra = 107 normalized by the
bulk variance. (a) temporal spectrum (b) spatial spectrum.
spectra of the horizontal velocity components. To collect
temporal spectra, eight points have been monitored: four
bulk and four boundary layer points. The bulk points are
taken at zbulk = H/2 and the boundary layer points were
chosen according to zbl = λu. The temporal spectra are
generated by segmenting the time series and a Welch win-
dow has been used. Then, averaging was performed over
the spectra of the two horizontal velocity components
and the four monitoring points. The spatial spectra were
collected by performing a 2D FFT and integrating over
circles k2x+k
2
y = k
2 and averaging over approximately 10
turnovers.
The temporal spectra of the horizontal velocity com-
ponents at Ra = 107 are shown in Fig. 5a. There is a
continuous range of active scales which spans about two
decades, although turbulence production and dissipation
are not sufficiently separated to form a clearly discernible
inertial subrange. The spatial spectra (Fig. 5b) also re-
veal a continuous range of active scales.
What is striking about the spectra of the bulk and the
boundary layer is how similar they are, both in range of
active scales and in amplitude. Despite a mild damping
at the intermediate frequencies and wave numbers, the
similarity indicates that the dynamics of the bulk and
the boundary layer - both temporal and spatial - are
very similar. We note that the simulation at Ra = 107
is well inside the hard-turbulence regime. The transition
to hard turbulence occurs at much lower Ra for large
6TABLE II: Budget terms for momentum and heat equation.
A D P B R
∂teui = −∂jeujeui +ν∂2j eui −∂iep +βgeΘδi3 −∂j gu′ju′i
∂teΘ = −∂jeuj eΘ +κ∂2j eΘ −∂ju˜′jΘ′
aspect-ratio domains than the generally accepted value
of Ra = 4× 107 [21]. Indeed, for aspect-ratio 6 domains,
the flow has hard-turbulence regime scaling occurs from
Ra = 5 × 104 upwards [4]. If one accepts that the flow
core is turbulent, then Fig. 5 indicates that the boundary
layers are turbulent as well.
The striking similarity between the spectra in the bulk
and the boundary layers seems to be a robust and general
feature of Rayleigh-Be´nard convection. In a recent paper
[13], we present combined experimental and numerical
results of an aspect-ratio 4 cavity filled with water for
Rayleigh numbers ranging from 5 × 104 to 109. For all
Ra from 106 upwards, it is found that the spectra in the
bulk and the boundary layer are practically identical.
E. Momentum budgets
Momentum budgets are a very direct way to get an
impression of the importance of the turbulent Reynolds
stresses. As before, y-averaged results (Fig. 3) are used
for convenience of presentation. Checks have been made
to ensure that the budgets shown here are also repre-
sentative for the three-dimensional field. The x-location
has been chosen such that the horizontal velocity is at
its maximum, i.e. where the flow is parallel to the wall
and from left to right. This guarantees that horizon-
tal gradients are small, and that no adverse of favorable
pressure gradients are present. Shown are budgets for
Ra = 1.15×105 (Fig 6a,d,g), Ra = 1.00×106 (Fig 6b,e,h)
and Ra = 1.00×107 (Fig 6c,f,i). The budgets for the hor-
izontal (Figs. 6a-c) and vertical momentum (Figs. 6d-f)
have been nondimensionalized by U2/H = βg∆Θ, and
heat budget (6g-i) by ∆ΘU/H =
√
βg(∆Θ)3/H. The
legend for the budgets is shown in Fig. 6e and the bud-
get terms are defined in Table II. The z-coordinate has
been scaled by λu and the horizontal dashed line denotes
z = λΘ. For reference, the ratio λΘ/λu is 0.8, 0.6 and
0.38 for the simulations at Ra = 105, 106 and 107 respec-
tively.
For the horizontal momentum budgets (Figs. 6a-c), the
balance is between the horizontal pressure gradient P
and diffusion D for z < λΘ. Outside the thermal bound-
ary layer, R is not negligible; on the contrary, R fully
balances the pressure gradient P near z = λu. This indi-
cates that the turbulence outside the thermal boundary
layer is key to the boundary layer thickness, as will be
outlined in section IV. As the location of the budgets
has been chosen such that all horizontal derivatives are
small, D ≈ ν∂2z u˜ and R ≈ −∂zw˜′u′.
Log-scaling is expected in the inner layer where w˜′u′ is
constant, so that R = −∂zw˜′u′ = 0. For channel flow, R
is zero at the wall and peaks in the buffer layer, marking
the transport of momentum from the outer to the inner
layer. After the peak, it crosses the zero axis where the
log-layer is expected. This behavior of R is absent for
Ra = 1.15 × 105, but as Ra increases a peak forms in-
side the thermal boundary layer (Fig. 6a-c). However, in
terms of forcing P is always much larger than the small
peak R for the range of Ra under consideration, which
again confirms that this is not a classical forced turbulent
boundary layer.
Figs. 6d-f show the budgets of the w˜-momentum equa-
tion. Here the balance is between buoyancy B, the
vertical pressure gradient P and the Reynolds stresses
R = −∂zw˜′w′. Very near the wall, roughly in the lower
half of the thermal boundary layer, the buoyancy B and
pressure P are in balance, so the flow is neutrally buoy-
ant here. Further away from the wall, at the edge of the
thermal boundary layer, the contribution of R is signifi-
cant, even if it may seem small compared to the near-wall
(hydrostatic) balance of P and B. In fact, comparing R
of the vertical momentum equation to the magnitude of
terms in the horizontal momentum equation shows that it
is of the same magnitude as −∂xp˜. Outside the boundary
layer, the pressure gradient P is positive and is balanced
purely by fluctuations R.
The Θ˜-momentum budgets (Figs. 6h-i) show a bal-
ance between thermal diffusion D = κ∂2z Θ˜, turbulence
R = −∂zw˜′Θ′ and there is a contribution from advection
A. Judging from the peak of A around z/λu = 1, the
nonzero contribution of A to the heat budget is prob-
ably caused by some spatial variations in Θ˜ by which
∂xu˜Θ˜ 6= 0. The peak of D and R is always located just
inside the thermal boundary layer, representing the lo-
cation where diffusion and fluctuations most effectively
exchange heat.
It is striking that the dominant length scale for the
budgets is the thermal boundary layer thickness λΘ
(which is denoted by the horizontal dashed line in Fig. 6),
and not as one may expect, the kinematic boundary layer
thickness. Perhaps this should not be too much of a sur-
prise, as the thermal boundary layer thickness can be well
represented by λΘ = H/(2Nu), and the Nusselt number
Nu represents the efficiency of the convective heat trans-
fer mechanism of the flow, resulting from the non-linear
coupling of temperature and velocity under the action
of buoyancy. Therefore, λΘ is equally important for the
heat-budget and for the momentum budgets. In fact, λΘ
is a dominant parameter in the scaling of both Cf and
λu, as will be shown in section IV.
The findings of Figs. 6a-i can be summarized as follows
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FIG. 6: Momentum- and heat-budget in the boundary layer at the position with the maximum horizontal velocity for various
Ra: (a,d,g): Ra = 1.15 × 105; (b,e,h): Ra = 1.00 × 106; (c,f,i): Ra = 1.00 × 107.. (a,b,c); eu-momentum budget; (d,e,f):
ew-momentum budget; (g,h,i): eΘ-budget. The legend for Figs. (a-i) is shown in Fig. 6e and the horizontal dashed line indicates
the edge of the thermal boundary layer z = λΘ.
for the u˜, w˜ and Θ˜ budget, respectively:
∂xp˜+ ∂zw˜′u′ = ν∂
2
z u˜, (9)
∂z p˜+ ∂zw˜′w′ = βgΘ˜, (10)
∂zw˜′Θ′ = κ∂
2
z Θ˜. (11)
These equations represent the boundary layer equations
at the x-location where the flow is parallel to the wall and
horizontal derivatives are negligible (roughly halfway be-
tween the impingement and detachment region). Note
that even though the w˜-momentum equation is not di-
rectly coupled to the other two equations, the vertical
fluctuations w˜′w′ are non-trivially coupled to w˜′u′ and
w˜′Θ′ as these terms represent to a large extent the plumes
emerging from and impinging on the boundary layers.
The equations above are two-dimensional, but by the ab-
8TABLE III: Decomposition of the friction factor Cf according
to (12)
.
Ra Cf = −
2
u2
max
R λu
0
∂xpdz −
2 gw′u′|λu
u2
max
105 0.81 0.88 -0.07
106 0.39 0.42 -0.03
107 0.17 0.19 -0.02
sence of transversal derivatives, it can be expected that
these equations are valid for the three-dimensional case
as well, in a local coordinate system aligned with the flow
and at the location where the flow is parallel to the wall.
The boundary layer equation (9) clearly shows that one
cannot neglect the influence of turbulence in the bound-
ary layer dynamics. Hence, the laminar boundary layer
equation (3), which lead to the scaling λu ∝ Re−1/2 is
not valid: additional information is required about w˜′u′
to estimate λu. In section IV, the scaling behavior of λu
will be derived using flow-specific information obtained
from the DNS results.
F. The friction factor decomposed
By using the boundary layer equation (9), the domi-
nant contributor to the friction factor can be identified.
Integrating (9) over the kinematic boundary layer and
substituting (7), the friction factor Cf is composed of a
contribution from pressure and a turbulent momentum
flux as
Cf
2
=
1
u2max
∫ λu
0
(P +R)dz
= − 1
u2max
∫ λu
0
∂xpdz − w˜
′u′|λu
u2max
.
(12)
The terms on the right hand side of (12) have been cal-
culated with the DNS results and are presented in Table
III [25] The decomposition clearly demonstrates that Cf
is dominated by the pressure gradient. The turbulent
momentum flux w˜′u′ is small but positive, i.e. a flux out
of the boundary layer. Hence, we conclude that the dy-
namics of the wall-friction is not governed by turbulence
(i.e. Reynolds stress) as in a forced turbulent boundary
layer. In the latter, the dynamics is dominated by a large
momentum-flux into the boundary layer, while the con-
tribution of the pressure gradient is negligible.
Using (12), Cf can be parameterised. Shown in Fig.
7 is the effective forcing P + R = −∂xp˜ − ∂zw˜′u′. To
first order, for z < λΘ, P + R ≈ P while for z > λΘ
the Reynolds stress forcing R balances the pressure P to
that P +R ≈ 0. Hence, Cf can be estimated by
0
1
2
3
4
0 0.025 0.05 0.075 0.1
P +R
z
/
λ
Θ
Ra = 105
Ra = 106
Ra = 107
FIG. 7: The effective forcing P +R = −∂xep− ∂z gw′u′, which
vanishes quickly outside the thermal boundary layer.
Cf ≈ 1
u2max
∫ λΘ
0
Pdz ≈ 2λΘ
u2max
|∂xp|w| . (13)
Clearly, (13) holds at moderate Ra only, when turbu-
lent shear production in the boundary layer is small. The
formation of the peak inside the thermal boundary layer
at Ra = 106 and Ra = 107 (Fig. 7) suggests that shear
production becomes more important as Ra increases, and
this will have to be accounted for in (13) at higher Ra.
However, it was shown in the accompanying paper [9]
that the wind velocity becomes independent of Cf at suf-
ficiently high Ra, because Cf is negligible compared to
the mixing parameter α. Therefore, incorrect scaling be-
havior in (13) will not influence the wind dynamics at
high Ra.
IV. SCALING OF Cf AND λu
Using the simple two-equation wind model derived in
the accompanying paper [9], we can establish the scaling
behavior of Cf and λu. The model uses a dimension-
less wind-velocity Uˆw = Uw/Uf and spatial temperature
difference Θˆw = Θw/∆Θ, where Uf =
√
βg∆ΘH is the
free-fall velocity. The governing equations of the model
are given by
dUˆw
dtˆ
=
2Lˆ2w
2Lˆ2w + 1
(
1
2Lˆw
Θˆw − (4α+ Cf )
∣∣∣Uˆw∣∣∣ Uˆw) ,
(14)
dΘˆw
dtˆ
=
2λˆΘ
Lˆw
Uˆw − 4α
Lˆ2wPrT
∣∣∣Uˆw∣∣∣ Θˆw − 2
λˆΘRefPr
Θˆw.
(15)
Here Lˆw = Lw/H where Lw is the typical roll size, λˆΘ =
λΘ/H , λˆu = λu/H and Ref = UfH/ν = Ra
1/2Pr−1/2.
9The turbulent Prandtl number PrT and the mixing pa-
rameter α are coefficients with values 0.85 [6] and 0.6 re-
spectively. The pressure difference which drives the wind
is generated by a spatial temperature difference Θw (it is
relatively hot where the flow ascends and relatively cold
where it descends, see Fig. 3). The temperature differ-
ence Θw is in its turn generated by large horizontal heat
fluxes originating from the interaction between the mean
wind and temperature field. The model depends on Ra,
Pr and Lˆw, where λˆΘ = λˆΘ(Ra,Pr) and Cf = Cf (Ra,Pr)
have to be provided. Based on the analysis of the friction
factor (section III F), an explicit expression for Cf can be
derived, by which the model only depends on empirical
input for λˆΘ (and thus Nu).
The steady state estimate for the pressure gradient at
the bottom wall of the wind model is [9]
− ∂xp˜|w ≈
βgH
Lw
Θw. (16)
Using (16), Cf (13) can be further specified as
Cf ≈ 2λΘ
H
H
Lw
U2f
U2w
|Θw|
∆Θ
=
2λˆΘ
∣∣∣Θˆw∣∣∣
LˆwUˆ2w
. (17)
Hence, the wall friction term is linear in the temperature
difference as
Cf
∣∣∣Uˆw∣∣∣ Uˆw = 2λˆΘ
Lˆw
Θˆw. (18)
Here, we assumed that sgn Uˆw = sgn Θˆw. With (18), the
empirical specification of Cf (Ra,Pr) is no longer neces-
sary, and the model is given by:
dUˆw
dtˆ
=
2Lˆ2w
2Lˆ2w + 1
(
1− 4λˆΘ
2Lˆw
Θˆw − 4α
∣∣∣Uˆw∣∣∣ Uˆw
)
, (19)
dΘˆw
dtˆ
=
2λˆΘ
Lˆw
Uˆw − 4α
Lˆ2wPrT
∣∣∣Uˆw∣∣∣ Θˆw − 2
λˆΘRefPr
Θˆw.
(20)
The steady state solution of the model as a function
of Ra is shown in Fig. 8. At this point, the only empir-
ical data used in the model is the powerlaw for λΘ and
the roll size Lw. The mixing parameter α is kept at the
same value as in [9], namely 0.6. As can be seen, the
model captures the trends of Uˆw, Θˆw and Cf satisfac-
torily. Note that the profiles could be made to match
quantitatively as well when one would introduce some
additional coefficients. However, the focus of this paper
is not to develop a carefully tuned model, but to elicit
general scaling behavior.
It is not very useful to have an expression for Cf in
terms of Θˆw, as this quantity is rarely measured. How-
ever, by using the steady state solution of (19), Θˆ can be
expressed in terms of Uˆw as
Θˆw =
8αLˆw
1− 4λˆΘ
∣∣∣Uˆw∣∣∣ Uˆw, (21)
so that the Θˆw dependence of Cf can be eliminated. Us-
ing (18) and (21), Cf is given by
Cf ≈ 16α
1− 4λˆΘ
λˆΘ. (22)
Hence, when λˆΘ ≪ 1, the model predicts that Cf ∝ λˆΘ.
Note that the λΘ term in the denominator represents the
effects of wall friction. Hence, when λˆΘ ≪ 1, Cf scales
independently of wall-effects. It is the turbulence in the
outer flow which fully determines the velocity at the edge
of the boundary layer.
A scaling relation for λu can be derived by using the
two different expressions for Cf , (8) and (17). This re-
sults in
2Re−1
(
λu
H
)
−1
=
2λˆΘ
∣∣∣Θˆw∣∣∣
LˆwUˆ2w
.
Using Re =
∣∣∣Uˆw∣∣∣Ref , λˆu is approximated by
λˆu ≈
Lˆw
∣∣∣Uˆw∣∣∣
λˆΘ
∣∣∣Θˆw∣∣∣Ref (23)
Dropping the absolute signs and using (21), λˆu is given
by
λˆu ≈ 1− 4λˆΘ
8αλˆΘUˆwRef
=
1− 4λˆΘ
8α
1
λˆΘRe
. (24)
Upon assuming that λˆΘ ≪ 1, it follows that λˆu scales as
λˆu ∝ λˆ−1Θ Re−1. Fig. 8d shows the prediction of the wind
model for λu. Although the boundary layer thickness is
underpredicted, the trend is in agreement with the DNS
data. Given the simplicity (with only one calibration
parameter α), the model captures the trends of wind ve-
locity, spatial temperature difference, friction factor and
kinematic boundary layer thickness satisfactorily.
V. TURBULENT OR NOT?
The apparently contradicting findings reported in the
previous sections is quite intriguing. On the one hand,
the results indicate that the kinematic boundary layer
is turbulent. The deduced boundary layer equation (9)
shows that forcing due to turbulent Reynolds stresses
is significant, in particular outside the thermal bound-
ary layer. Furthermore, the spectra in the bulk and the
boundary layers are nearly indistinguishable and show
the existence of a continuous range of active scales both
in space and time. Both are an indication for turbulence.
On the other hand, the results suggest that the kine-
matic boundary layer does not correspond to a classi-
cal turbulent boundary layer. The Reynolds numbers
in the Ra range we consider (Re ≈ 1500 at Ra = 108)
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FIG. 8: The predictions of the wind model (eqns (19), (20), thick lines) compared to the DNS results (diamonds) for a) the
typical wind Uˆw; b) the spatial temperature difference Θˆw; c) the friction factor Cf and d) kinematic boundary layer thickness
λu.
are generally considered too low to sustain turbulence.
Moreover, the friction factor Cf for a classical forced
boundary layer has a weak dependence on Re (reflect-
ing the quadratic wall friction), and is dominated by the
turbulent momentum-flux from the free stream. For the
boundary layers under consideration, the dominant con-
tributor to Cf is the pressure gradient (section III F) and
not the momentum-flux. Consequently, Cf has a signifi-
cant Re dependence. The near-universal profiles (found
in the present work especially for the two lower Ra num-
bers) as a function of Ra based on the outer variables λu
and u˜max (Fig. 2) are further evidence against a classi-
cal turbulent boundary layer: a turbulent boundary layer
can by definition not be universally scaled by outer vari-
ables.
The difference between classical forced turbulence
boundary layers and a boundary layer of Rayleigh-
Be´nard convection may be best characterized by the way
the turbulence is produced and redistributed. For forced
flow cases, turbulence cannot be maintained at low Re,
as the dissipation in the boundary layer will be stronger
than the production. However, for Rayleigh-Be´nard con-
vection the production and transport of turbulent kinetic
energy (TKE) is not confined to the inner layer alone. In-
stead, TKE is produced in the bulk, where it is partially
dissipated. The surplus is transported to the bound-
ary layer by pressure velocity fluctuations [see also 22].
Therefore, there is no local equilibrium between produc-
tion and dissipation, and turbulence can be maintained
in the boundary layers below the critical Re. At suf-
ficiently high Ra, instabilities due to shear can be ex-
pected to maintain themselves, and several experiments
and simulations show such a transition around Ra = 1011
[11, 12, 23].
A simple explanation for the laminar-like scaling of
classical integral boundary layer parameters may be that
the forcing in the wall-parallel direction is very weak com-
pared to the forcing in the wall-normal direction (plume
impingement and detachment). Indeed, the forcing in the
vertical direction is the direct result of buoyancy, while
the pressure gradient in the horizontal direction forms is
due to large-scale differences in mean temperature. This
can be made explicit by considering the ratio of forcing
in the wall-normal direction (buoyancy) and wall-parallel
direction (16), which is given by
βg∆Θ
βgHL−1w Θw
= LˆwΘˆ
−1
w . (25)
At Ra = 105, this ratio is approximately 50, and at Ra =
107, the ratio is approximately 100. Thus, the boundary
11
layers under consideration here are forced primarily in
the wall-normal direction, and the force generating the
wind is relatively weak.
Despite the laminar-like scaling of the integral parame-
ters, a parallel can be drawn with a fully developed forced
boundary layer: both have a viscous sublayer dominated
by viscosity which suppresses instabilities and prevents
their growth and development of turbulence. However,
as demonstrated by seminal experiments in the sixties
[24], despite linear velocity variation, the flow within the
sublayer in a forced boundary layer is not laminar, but ac-
companied by considerable irregular fluctuations, streaks
and other structures. One can argue that the same dy-
namics occur in the boundary layers of Rayleigh-Be´nard
convection. In particular, Figs. 6a-c indicate that the
thermal boundary layer 0 < z < λΘ functions as a vis-
cous sublayer, and the region λΘ < z < λu as an cross-
over region between the exterior flow and the thermal
boundary layer. The absence of a constant stress layer
dominated by the turbulent momentum flux suppresses
a logarithmic region and marks a fundamental difference
with forced turbulent boundary layers.
VI. CONCLUSIONS
The aim of this paper has been to study the bound-
ary layers which develop under the joint action of plumes
and wind in Rayleigh-Be´nard convection at the top and
bottom plates. Direct numerical simulation was used for
simulations at Ra = {105, 106, 107, 108} and Pr = 1 for
Γ = 4 aspect ratio domains with periodic side bound-
ary conditions. For each Ra, 10 independent simulations
have been carried out, resulting in approximately 400
independent realizations per Ra. Processing the results
using symmetry-accounting ensemble averaging made it
possible to retain the wind structure, which would nor-
mally cancel out due to the translational invariance of
the system.
The importance of Reynolds-stresses in the boundary
layers, as well as the temporal and spatial spectra in-
dicate undoubtedly a turbulent character of the bound-
ary layer. However, the behavior is rather different from
classical forced boundary layers, as can be judged from
the laminar-like scaling of the classical integral boundary
layer parameters. Indeed, viscous effects play an impor-
tant role within the thermal boundary layer, and a large
turbulent momentum-flux from the external stream is ab-
sent. This difference is probably caused by the fact that
the turbulence inside the kinematic boundary layer of RB
originates from the bulk, whereas classical forced bound-
ary layers are in a local equilibrium between production
and dissipation of turbulent kinetic energy.
Due to the importance of Reynolds stresses in the
boundary layer, the arguments underpinning the kine-
matic boundary layer scaling λu ∝ Re−1/2 do not hold.
Using the DNS results and a conceptual wind model [9],
explicit expressions for Cf and λu were derived. It was
found that the friction factor should scale proportional to
the thermal boundary layer thickness as Cf ∝ λΘ. The
kinematic boundary layer thickness λu scales inversely
proportional to the thermal boundary layer thickness and
the Reynolds number as λu ∝ Re−1λ−1Θ . The predicted
trends for Cf and λu are in agreement with the DNS
results.
With the closure for Cf , the model (19), (20) depends
solely on empirical input for λΘ, and predicts the wind
Reynolds number Re, friction factor Cf and kinematic
boundary layer thickness λu.
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